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The instability of a layer of fluid confined between two horizontal parallel planes 
and heated from above or below under the action of a gravitational field varying 
with height is investigated analytically. It is found that if gravity remains downward 
(upward) throughout the flow domain, neutral modes do not exist. A sufficient con- 
dition for stability of a layer heated from above is that gravity remain directed 
downward over a sufliciently large part of the flow domain. A circle theorem 
limiting the growth rate of a arbitrary oscillatory mode (whether stable, neutral or 
unstable) is established. A suffkient condition for instability of a layer heated from 
below is found to be that gravity remain directed downward and the gravity prolile 
have concave curvature throughout most of the flow domain. For a linearly varying 
gravity field with the downward gravitational acceleration increasing with height or 
decreasing with height slowly, (i) a layer heated from above is stable, (ii) a layer 
heated from below is unstable, and (iii) the circle theorem is modified depending on 
whether the gravitational acceleration is increasing or decreasing with height. 
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1. INTRODUCTION 
Although the gravity field of the Earth is varying with height from its 
surface, we usually neglect this variation for laboratory purposes and treat 
the field as a constant. However, this may not be the case for large-scale 
flows in the ocean, the atmosphere or the mantle. It then becomes 
imperative to consider gravity as a variable quantity varying with distance 
from the centre. 
As an idealization, we can neglect the curvature of the boundaries and 
treat the mantle, the atmosphere or the ocean as the case may be, as a 
plane layer bounded by two planar surfaces. In this sense, these problems 
become extensions of the classical Rayleigh-Btnard problem of thermal 
instability in a constant gravitational field extensively dealt with in the 
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literature (see, e.g., [ 1, 21 for summaries). Since the situatons encountered 
in astrophysics and geophysics are usually far removed from the 
idealization of constant gravity assumed in these investigations, it is of 
interest to look into the simple extension of the plane layer problem to 
include a variable gravitational field. Also for laboratory purposes, it is of 
interest to see what qualitative differences are introduced into the problem 
by the assumption of variable gravity, however slight the variaton may be. 
The problem of a time-varying gravitational field has been considered by 
Gresho and Sani [3]. Pradhan and Patra [4] have considered the problem 
of the onset of thermal instability in a cylindrical shell of self-gravitating 
fluid heated from the inside boundary and internally. In the case of a shell 
heated from the inside boundary, the narrow-gap approximation leads to 
the plane layer problem with the gravity field varying linearly with height 
from the bottom surface. Hence the problem considerd in this paper is a 
limiting case of the situation considered by Pradhan and Patra [4]. The 
results obtained in this paper by neglecting viscosity give an indication of 
the behaviour expected in the limit of large Rayleigh numbers or of small 
kinematic viscosity in the fluid. 
2. PERTURBATION EQUATIONS 
Let z=O and z = d be two rigid, horizontal parallel planes between 
which a nonviscous fluid is kept at rest under the action of a uniform tem- 
perature gradient and a gravitational field which varies with height. The 
origin is taken on the lower plane with the z axis transverse to it along the 
vertical. The XJJ plane constitutes the horizontal plane. 
Let the basic state be characterized by 
u, = co, 0, 01 (1) 
and 
T= T(z), (2) 
where ui is the velocity vector and T is the temperature. The basic pressure 
distribution is governed by 
where 2, = [0, 0, 11 is a unit vector in the direction of the vertical. The 
temperature distribution is governed by 
V2T=0, (4) 
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The solution of (4) appropriate to the problem on hand is 
T= T,+jz, (5) 
where p can be positive or negative. Since 
P = POCK - 4T- Tdl, (6) 
is the equation of state for the fluid where p is the density of the fluid and cw 
is the thermal coefficient of volume expansion and p0 is the density at tem- 
perature To, we see that the basic density and pressure distributions are 
given by 
and 
P=Po- -ivou -dz)& I- O (8) 
where p. denotes the pressure at the lower plane z = 0. 
Let the initial state characterized by (l), (5) (7) and (8) be slightly 
perturbed so that the perturbed state is given by 
T’= T,+/Ilz+O= T+O, 
and 
p’=p+hp, 
u; = [u, u, w], 
where 0, 6p, and (u, IJ, W) are, respectively, the perturbations in tem- 
perature, pressure, and velocity field. 
Then, under the Boussinesq approximation [ 11, the linearized pertur- 
bation equations are 
“+!I+!.!& 
ax ay aZ 
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where K denotes the thermal diffusivity of the fluid. 
Now, we seek solutions by analysing disturbances into normal modes 
whose dependence on x, y, and t is given by 
exp[i(k,.x+k, y+gr)], (11) 
where k = (kc + k?,) 2 I;2 is the wave number of the disturbance and 0 is a 
constant which can be complex = err + icr,, or and 0; being real. 
For solutions having this dependence on x, y, and t, system (10) can be 
reduced to simpler forms which yield, on elimination of bp 
ia(D= - k’) M‘= -k’g(z) rH (12) 
and 
ia - ti( D’ - k’) 0 = fiw, (13) 
where D denotes d/dz. The boundary conditions are 
w=H=O at :=O and z=d, (14) 
The above system of equations (12))(14) constitutes an eigenvalue 
problem for c for a given k2 and (11) implies that the system is stable, 
neutral or unstable according as g, is greater than, equal to, or less than 
zero, respectively. 
3. NONEXISTENCE OF NEUTRAL MODES 
Combining Eqs. (12) and (13) we have 
(15) 
together with the boundary conditions on 6’ derived from (12)-( 14), 
namely, 
t)=D28=0 at z=O and d, (16) 
Multiplying Eq. (15) by 8*, the complex conjugate of % and integrating 
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the resulting equation over the range of z and making use of the boundary 
conditions (16) we have 
ia ji(,n’H,2+2k2,DB,2+k4,11,2)dz-~~~(,~H,2+k2,H,2)~z 
0 
= -k2~!];g(z),o,2dz, (17) 
Now, for a neutral mode, 0 = 6, only and then the real part and the 
imaginary part of Eq. (17) give, respectively 
and 
fJT, s “(lD’OI’+2k2 )D812+k4(O12)dz=0. 0 (19) 
Equation (19) implies that cr = 0 and hence Eq. (18) implies 
i 
<I 
g(z)JeI'&=O. (20) 
0 
Thus, for a neutral mode to exist, Eq. (20) must be satisfied. In other 
words, a necessary condition for the existence of neutral modes is that g(z) 
must vanish somewhere in the flow domain. Consequently, if g(z) is 
positive or negative throughout the flow domain, neutral modes do not 
exist and an arbitrary mode will either be damped or amplified. 
4. A SUFFICIENT CONDITION OF STABILITY 
We have already seen that, if g(z) is positive or negative throughout the 
flow domain, then c #O. Hence we can put the governing equations (12) 
and (13) as 
io*k2 
(a2 - k2) w = m g(z) a8 (21) 
and 
(D2-k2-iajti) o= (BIIC) x. (22) 
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Equations (21) and (22) can be further combined to yield 
(D.~k’j,,h.)(D’-k’)R-~g(;)fj=o. (23 1 
with the boundary conditions on 8 given by Eq. (16). 
Multiplying Eq. (23) by 8* throughout and integrating the resulting 
equation over the vertical range of z and making use of the boundary 
conditions (16) we get 
Separating the real and imaginary parts of (24) we have 
and 
Equation (25) shows that if fig(z) remain positive throughout the flow 
domain, then we must have 0, > 0. Hence a sufficient condition for stability 
of a layer heated from above is that g(z) remain positive over a sufficiently 
large part of the flow domain. Similarly, a sufficient condition for stability 
of a layer heated from below is that g(z) remain negative over a sufficiently 
large portion. 
5. A CIRCLE THEOREM FOR OSCILLATORY MODES 
Consider an arbitrary oscillatory mode of the system. For such modes 
we have rrr # 0. Hence Eq. (26) can be put as 
(27) 
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Equation (27) shows that there exists a point z0 in [0, d] such that 
(28) 
This implies 
I~I’<Bm(41;=~“~ 
where [g(z)],=,, must be positive. Hence 
of+cJT<pa;q I g(z)l, 
.c 
(29) 
(30) 
and the complex growth rate of an arbitrary oscillatory mode (whether 
stable, neutral or unstable) must lie inside a circle with origin as centre and 
max dm as radius. 
6. A SUFFICIENT CONDITION FOR INSTABILITY 
Let us consider a nonoscillatory mode of the system. For such modes we 
have Go = 0. Equations (12) and (13) then become 
a,(D’ - k2) u’= /&g(z) 8 (31) 
and 
(D2-k2+cr,IK)O=/hv. (32) 
Multiplying Eq. (3 1) by W* throughout and integrating the resulting 
equation over the range of z and making use of the boundary conditions 
(14) we get 
(33) 
Further, putting for j;j’g&v* from Eq. (32) in Eq. (33), we get 
It can now be shown, by integrating by parts and using the boundary 
conditions (14), that 
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Hence, by equating the real parts of Eq. (34) and making use of Eq. (35) 
we get 
(36) 
Equation (36) shows that if 
lk(z)<O and jg”( 2) 3 0, (37) 
over a sufficiently large portion of the flow domain, then 0, < 0 for small 
enough k. Hence, there will be instability under these conditions on p and 
g(z). 
7. THE CASE OF A LINEARLY-VARYING GRAVITY FIELD 
For a linearly varying gravitational field, we can write 
g(z) =g,( 1 + 2:). (38) 
where 2 can be positive or negative depending on whether gravity increases 
or decreases from its value g, (>O) at the lower surface. Applying the 
results established in the previous sections. we readily establish the follow- 
ing results. 
(i) Neutral modes do not exist if I. >O, that is, gravity increases 
with height or if -(l/d) <1<0, that is. gravity decreases with height 
sufficiently slowly. 
(ii) For the same variation of gravity as in (i), a layer heated from 
above is stable. 
(iii) The circle bounding the growth rates of oscillatory modes is 
given by 
CT; + CTf < Jd( 1 + Ld), (39) 
if ;1 is positive and 
af+of<&i, (40) 
if 2 is negative. 
(iv) A layer heated from below is unstable if gravity varies as in (i). 
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8. DISCUSSION 
Although gravity is the most well-known example of a body force, other 
body forces like Lorentz, Centrifugal forces, etc., have been of engineering 
interest [.5]. Since cylindrical gravity has been simulated in the laboratory 
by electrostatic means [6], it is now possible to simulate a spatially vary- 
ing body force field in the laboratory. Hence the results reported in this 
paper can be verified experimentally. 
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